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Le 10: guest lectures

Guest lectures:

• Torbjörn Crona & Fredrik Nereg̊ard
— Saab Dynamics

• Roberto Castro Sundin
— Ericsson

Slides:

• Course summary

• Exam
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Lecture 9: summary
Simultaneous Localization And Mapping (SLAM)

• Joint estimation of trajectory x1:k and map parameters θ in sensor model
yk = h(xk; θ) + ek.

• Algorithms:
EKF-SLAM: EKF (information form) on augmented state vector zk = (xTk , θ

T )T .
FastSLAM: MPF on augmented state vector zk = (xTk , θ

T )T .
GraphSLAM: Formulate the problem as a graph, and use dedicated solvers.
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Course Summary
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Parameter Estimation: least squares (LS)

Linear Model

y = Hx+ e, cov(e) = R.

• WLS minimizes the loss function

V wls(x) = (y −Hx)TR−1(y −Hx).

• WLS solution

x̂ =
(
HTR−1H

)−1
HTR−1y, P =

(
HTR−1H

)−1
.
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Parameter Estimation: least squares (LS)

Nonlinear Model

y = h(x) + e, cov(e) = R.

• NWLS minimizes the loss function

V nwls(x) =
(
y − h(x)

)T
R−1

(
y − h(x)

)
• Solve using optimization methods

x̂nwls = argmin
x

V nwls(x)
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Parameter Estimation: nonlinear transform
Approximate z = g(u), u ∼ N (û, Pu) with z ∼ N (ẑ, Pz).
Variations: TT1, TT2, UT, or MCT.
• The direct approach, where x = h−1(y − e) is approximated.
• The indirect approach, where the distribution of y = h(x) is approximated using a
prior of x ∼ N (x̂, P xx): The trick is to consider the mapping

u =

(
x
e

)
∼ N

((
x̄
0

)
,

(
P xx 0
0 R

))
z =

(
x
y

)
=

(
x

h(x, e)

)
∼ N

((
x̄
ȳ

)
,

(
P xx P xy

P yx P yy

))
and then apply

x̂ = x̄+ P xy
(
P yy

)−1(
y − ȳ

)
,

cov(x̂) = P xx − P xy
(
P yy

)−1
P yx.
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Fusing Estimates

• The fusion formula for two independent estimates is

E(x̂1) = E(x̂2) = x, cov(x̂1) = P1, cov(x̂2) = P2 ⇒

x̂ = P
(
P−1
1 x̂1 + P−1

2 x̂2
)
, P =

(
P−1
1 + P−1

2

)−1
.

• If the estimates are not independent, P is larger than indicated.
Use Safe fusion!
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Sensor Models

• The basic network measurements:

TOA rk = ∥x− pk∥+ ek
TDOA rk = ∥x− pk∥+ r0 + ek
DOA φk = arctan2(x2 − pk,2, x1 − pk,1) + ek
RSS yk = P0 − β log(∥x− pk∥)

• Common denominator, all measurements can be described by

yk = h(x; θ) + ek.
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Detection Theory

• Detection problems as hypothesis tests:

H0 : y = e,

H1 : y = x̄+ e = h(x) + e.

• Neyman-Pearson’s lemma:

T (y) = pe
(
y − h(x0)

)
/pe(y)

maximizes Pd for given Pfa (best ROC curve).

• In general case

T (y) = 2 log pe
(
y − h(xml)

)
− 2 log pe(y) ∼ χ2

nx

(
x0,T I(x0)x0

)
.
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Bayesian Filtering

• Bayes optimal filter:

p(xk|y1:k) ∝ pek
(
yk − h(xk)

)
p(xk|y1:k−1)

p(xk+1|y1:k) =
∫
pvk

(
xk+1 − f(xk)

)
p(xk|y1:k) dxk.

• Intuitive two-stroke work flow of filtering:

MU: estimation from yk = h(xk) + ek and fusion with x̂k|k−1.
TU: nonlinear transformation z = f(xk) and diffusion from
xk−1 = zk + vk.
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Motion Models

• Standard models in global coordinates:

Translation p
(m)
t = wp

t

2D orientation for heading h
(m)
t = wh

t
Coordinated turn model

Ẋ = vX Ẏ = vY

v̇X = −ωvY v̇Y = ωvX

ω̇ = 0

• Standard models in local coordinates (x, y, ψ)
Odometry and dead reckoning for (x, y, ψ)

Xt = X0 +

∫ t

0
vxτ cos(ψτ ) dτ Yt = Y0 +

∫ t

0
vxτ sin(ψτ ) dτ

ψt = ψ0 +

∫ t

0
ψ̇τ dτ

Force models for (ψ̇, ay, ax, . . . )
3D orientation q̇ = 1

2S(ω)q =
1
2 S̄(q)ω
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Filtering: Kalman filter (approximations)

Key tool for a unified derivation of KF, EKF, UKF.(
X
Y

)
∼ N

((
µx
µy

)
,

(
Pxx Pxy

Pxy Pyy

))
⇒ (X|Y = y) ∼ N (µx + PxyP

−1
yy (y − µy), Pxx − PxyP

−1
yy Pyx).

The Kalman gain is in this notation given by Kk = PxyP
−1
yy .

• In KF, Pxy and Pyy follow from a linear Gaussian model.

• In EKF, Pxy and Pyy can be computed from a linearized model (requires analytic
gradients).

• In EKF and UKF, Pxy and Pyy computed by NLT for transformation of (xT , vT )T

and (xT , eT )T , respectively. No gradients required, just function evaluations.
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Filtering: SIS PF Algorithm
Choose the number of particles N , a proposal density q(x

(i)
k |x(i)0:k−1, y1:k), and a

threshold Nth (for instance Nth = 2
3N).

• Initialization: Generate x
(i)
0 ∼ px0 , i = 1, . . . , N .

Iterate for k = 1, 2, . . . :

1. Measurement update: For i = 1, 2, . . . , N :

w
(i)
k|k = w

(i)
k|kp(yk|x

(i)
k ), and normalize w

(i)
k|k.

2. Estimation: MMSE x̂k|k ≈
∑N

i=1w
(i)
k x

(i)
k|k.

3. Resampling: Resample with replacement when Neff = 1∑
i(w

(i)
k|k)

2
< Nth.

4. Prediction: Generate samples x
(i)
k+1 ∼ q(xk|x

(i)
k−1, yk),

update the weights w
(i)
k+1|k ∝ w

(i)
k|k

p(x
(i)
k |x(i)k−1)

q(x
(i)
k |x(i)k−1,yk)

,

and normalize w
(i)
k+1|k.
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Simultaneous Localization And Mapping (SLAM)

• Joint estimation of trajectory x1:k and map parameters θ in sensor model
yk = h(xk; θ) + ek.

• Algorithms:

NLS SLAM: iterate between filtering and mapping.
EKF-SLAM: EKF (information form) on augmented state vector zk = (xTk , θ

T )T .
FastSLAM: MPF on augmented state vector zk = (xTk , θ

T )T .
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The Exam
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The Exam

• The exam is a mixture of pen-and-paper exercises (theory) and
computer aided exercises (practical craftsmanship).

• Open book to mimic real life; hence, expect to possibly have to
look up details.

• Previous examples available from the homepage:
http://www.control.isy.liu.se/student/tsrt14/exam.html

http://www.control.isy.liu.se/student/tsrt14/exam.html
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The Exam: allowed “tools”

Material to bring:

• The course book: Statistical Sensor Fusion by F. Gustafsson.

Normal study notes in the books are okay!

Made available digitally:

• A current errata for the textbook

• Lecture slides for 2023

• Signal and Systems toolbox manual
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The Exam: practicalities

• Performed in the ISY computer labs.

• Clean account: Matlab, SigSys, and required data available.

• Watch out when printing to remain anonymous.
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The Exam: advice

General Advice

• Read through all exercises and prioritize, before getting started.

• Make sure to motivate every step of your solution carefully!

• Comment nontrivial steps in any code you write; including model
choices and tuning

• Separate papers for all exercises, keep the papers for each
exercise together.

GOOD LUCK!
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